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从 20 世纪 40 年代起，在统计物理大量粒子系统的研究中就出现了组合学
方法的踪影，2006 年 Fields 奖获得者 Okounkov 的获奖成果之一就与这方面的
工作密切相关. 石墨烯( grapheme )即为“单层石墨片”，是构成石墨的基本结构
单元. 石墨烯是真正意义上的二维晶体结构，它具有可与碳纳米管相媲美或
更优异的特性，“二维空间材料石墨烯方面的开创性实验”使得 Andre Geim 和
Konstantin Novoselov 成为 2010 年诺贝尔物理学奖的获得者. 石墨烯的数学模型
为六角系统(源于苯类碳氢化合物的分子图)，它是不具有割点的有限连通平面









的配分函数. q 状态的 Potts 模型是 Ising 模型的推广，Potts 模型的配分函数等
价于 Tutte 多项式. Dimer 问题、Monomer-dimer ( MD )问题源于双原子分子在
固体表面的吸附模型，这些模型配分函数的计算均为 ♯P – 困难问题. 本文研究
















(1) 研究了随机六角重链的 dimer 问题，给出了 dimer 的计数公式、dimer
问题的 annealed 熵与 quenched 熵. 在区分不同方向的三个 dimer 类型的条件下
得到了配分函数的计算公式，并讨论了它的渐近性；
(2) 利用代数方法和组合技巧建立了一般二部图的 monomer-dimer 配分函
数的计算表达式与 0-1 矩阵积和式的对应关系，改进了 Yan Huo 和 Fengshan
Bai 的方法；
(3) 研究了随机六角重链的 monomer-dimer 问题，给出了 monomer-dimer
配分函数及 monomer-dimer 常数、annealed MD 熵与 quenched MD 熵的计算公
式，讨论了它们的渐近性；

















Doctoral Dissertation of Xiamen University
Several statistical physics models on random planar
hexagonal lattice
ABSTRACT
Since the 1940’s, combinatorial methods has appeared in the study of system-
s of large number of particles in statistical physics. One of the achievements of
2006 Fields medal winner Okounkov is closely related to this topic. Graphene, i.e,
monolayer graphite piece, constitute the basic structure unit of graphite. Graphene
is a two-dimensional crystal structure in the real world which is an allotrope of car-
bon nanotube and fullerene with equivalent or superior characteristics such as strong,
light, nearly transparent and an excellent conductor of heat and electricity. “Two-
dimensional space material graphene in pioneering experiment” that caused Andre
Geim and Konstantin Novoselov to be the winner of Nobel prize for physics in 2010.
The mathematical model of graphene is the hexagonal system, which is a finite
2-connected plane graph whose every interior face is bounded by a regular hexagon
of unit length 1. Hexagonal system is a traditional topic of chemical and statistical
physics, which has accumulated a lot of research results. This thesis proposes and
studies a kind of random model of hexagonal system - random hexagonal multiple
chain whose growth process is a simulation of the growth of single-walled carbon nan-
otubes. Although there are several good results on general stochastic regular graphs,
the sample space of random regular graphs is not formed by the compound molecular
graphs in the real world, but the sample space of our random model is made up of
compound molecular graphs in the real world. To the best of our knowledge, this is
the first random model of honeycomb lattices whose samples exist in the real world.
The research object of statistical physics is the collection of a large number of par-
ticles. In order to describe the phase transition phenomena, physicists defined the spin
model(Ising model) on a variety of graphs (two-dimensional grid ) and the partition















the Ising model. The partition function of Potts model is equivalent to the Tutte poly-
nomial in combinatorics. monomer- dimer (or dimer) problem was introduced in order
to describe the absorption of diatomic molecules on crystal surface. The counting and
calculation of the partition function of these models are sharpP - hard problem. This
thesis studies dimer model, the monomer-dimer model, q-state Potts model on the
random hexagon multiple chain respectively. The main contributions are as follows:
(1) The problem of dimer on the random hexagon multiple chain is considered,
and the calculating formulas of dimer constants, the annealed entropy, the quenched
entropy, and the partition function on the three types of dimers in different orientations
distinguished are obtained respectively. Their asymptotic limiting functions are also
determined.
(2) Algebraic methods and combinatorial techniques are used to establish the
corresponding relationship between the computational expression of the monomer-
dimer partition function of general bipartite graph and (0,1) - matrix permanent, which
improve the results of Yan Huo and Fengshan Bai.
(3) The problem of monomer-dimer on the random hexagon multiple chain is
considered, and the calculating formulas of m-d partition functions m-d constants,
the annealed m-d entropy and quenched m-d entropy are obtained respectively. Their
asymptotic limiting functions are determined.
(4) The computation problem of partition functions of q-state Potts model on the
random hexagon multiple chain is considered, and the specific recurrence formulas are
obtained, from which we can get the calculating formulas of the spanning trees and
the acyclic orientations etc., their asymptotic limiting functions are also determined.
Key Words: Random hexagonal multiple chain; Matrix permanent; Dimer model;
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X ⊆ Y 集合Y的子集X
X ⊂ Y 集合Y的真子集X
X ∪ Y 集合X与Y的并集
X ∩ Y 集合X与Y的交集














H ⊆ G 图G的子图H
G[V ′] 图G的由顶点集V ′ ⊆ V (G)导出的子图
G− V ′ 图G的由顶点集V (G) \ V ′导出的子图
G[E ′] 图G的由边集E ′ ⊆ E(G)导出的子图


































NA = 6.022045× 1023mol−1 来衡量，这里每一摩尔物质，等同 18 克水或 32 克
氧气所含有的分子数目. 从 20 世纪 40 年代起，在统计物理大量粒子系统的研
究中就出现了组合学方法的踪影, 2006 年 Fields 奖获得者 Okounkov 的获奖成
果之一就与这方面的工作密切相关.
六角系统(源于苯类碳氢化合物的分子图)是不具有割点的有限连通平面图,





创性实验”使得英国曼彻斯特大学物理和天文学院的 Andre Geim 和 Konstantin








学家定义了图(以各种二维网格为特例)上的自旋模型( Ising 模型), 给出了系统
的配分函数. q 状态的 Potts 模型是 Ising 模型的推广，Potts 模型的配分函数等
价于 Tutte 多项式. Dimer 问题、monomer-dimer 问题源于模拟双原子分子在晶















为经典的统计力学模型，其基本问题分别是 dimer 计数、monomer-dimer 计数
和 q 状态的 Potts 模型配分函数的计算，这些均为 ♯P -完全问题.
本章将给出一些基本概念和记号，并介绍格子系统求解 dimer 问
题、monomer-dimer 问题以及 q 状态的 Potts 模型计算问题的研究背景及研
究进展，最后列举本文的主要研究结果.
§ 1.1 基本概念和记号
设图 G = (V (G), E(G)) 的顶点集和边集分别为 V (G) 和 E(G). 若图 G 的
顶点 u 和 v 由边 e 相连，则称 u 和 v 是 e 的端点( endpoint )，记为 e = uv；e




若对所有 v ∈ V (G)，有 dG(v) = k，则称 G是 k -正则的( k - regular ).
每一对不同的顶点都有一条边相连的简单图称为完全图( complete graph ).
在同构的意义下，n 个顶点的完全图只有一个，记为 Kn. 若一个图的顶点集
可以分解为两个(非空)子集 X 和 Y，使得每条边都有一个端点在 X 中，另一
个端点在 Y 中，则称这样的图为二部图( bipartite graph )，而划分 (X, Y ) 为图
的一个顶点二分类( bipartition ). 完全二部图是具有二分类 (X,Y ) 的简单二部
图，其中 X 的每个顶点都与 Y 的每个顶点相连；若 |X| = m，|Y | = n，则这
样的图记为 Km,n.
若图 H 的顶点均是 G 的顶点，且 H 的边是 G 的边，则称 H 是 G 的子
图( subgraph )；特别地，若 V (H) = V (G)，则称 H 是 G的生成子图( spanning
subgraph ). 设 V ′ 是 V (G)的一个非空子集，以 V ′ 为顶点集，两端点均在 V ′ 中
的边的全体为边集所组成的 G 的子图，称为 G 的由 V ′ 导出的子图( subgraph
induced by V ′ )，记为 G[V ′]. 从 G中删除 V ′ 中的顶点以及与这些顶点关联的边
所得的子图，即G[V \V ′]，记为G−V ′. 相应地，设 E ′ 是 E(G)的一个非空子
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